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ON A NEARLY PLANE SURFACE

By A. E, McPherson
SUMMARY

A device 1s described which makes possible the measurement of prin.-
clpal extreme fiber bending straines over a circular area having a radius
of 0.94 inch with a systematic error on O.l1—-inch shest of the order of
+£0.00003. The device requires & Tuckerman antocollimstor to measure
curvatures along three lines 120° apart and three l-inch Tuckerman
strain gages to measure strains along three other lines 120° apart

Equations are presented for computing median fiber strains from the
measured curvatures and sirains at the surface and from the thickness of
the sheet.

INTRODUCTION

In static teste of ailrcraft structures it is frequently desired to
dotermine the magnitude and directlon of principal straine and stresses
at the median surface. of stress-—carrying sheet or plete. The usual
procedure 18 to determine extreme fiber strains along at least three
gage lines common %o both inner and outer surfaces of the plate. The
medlan fiber strains along the three or more gage lines are then egqual
to the average of the inner and outer extreme fiber strains along these
gege lines., The principal strains at the medisn surface are then com—
puted from well-known equations for rosettes (references 1 and 2). The
principal stresses asre obtalned by substituting the principal strains

in the ?quations expressing Hookefs law for plane stresses (references
1l and 2

Occaslonally it iz impossible to measure streins at the lnmer surface
of the plate, either because of inaccessibility or because of the fallure
of Inaccesslble strain gages mounted on the ilnner surface to operate
satisfactorily. In such cases it ls desirable to determine the principal
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stresses at the msedlan surface from mesasureuents on the outer surface of
the plate only. The device described In this report wes developed For
this purpose at the request of the Bureau of Aeromautics, Navy Departuent.

The author wishes to express his sppreciation to the Navy Dopertment
for releasing this report for publication.

PRINCIPIE OF OPERATION OF THE DEVICE

The device is designed to measure curvebtures end strains on tho
surface of a plate along two sete of gege lines; sach set conslsted of
three gege lines 120° epaxt. From the. curvatures end the thickmess of
the. plate 1t is possible to compute sxtremo fiber bending etrains along
the strain gege lines, BSubtracting these from the total strains at the
extreme fiber gives the median Fiber strains along the throe gage lines
120° apart. The principal strains and stresses and their dirsction may
be computed from these three values of median fiber strain as explained
in references 1 and 2,

One portion of the device, that for measuring strains at the surface
of the plats, is identical with the adaptor for measuring principal straina
with Tuckerman strain geges which was described In reference 3. Tho re- .
meining portion, for measuring principal cuwrvatures, is new.

A photograph of the complete adaptor is shown in figure 1. A dia—
grammatic sketch l1s.shown in figure 2., The device provides a means of—
measuring displacements «, B, 7 of thgee poluts A, B, and C, Tigure
2a, along three lines vy, Ty, ¥y, 120 apart relative to the center ~
of the device Q. 48 explained in refererce 3 the average strains
€gs Ohs ©g 1n the dlrections rg, 1y, Ty are related to the displacemonts

a, B, v, by

(2/3r) [a+ (B + 7)/4]
(2/3x)[ B + o+ 7)/4] ) (1) ~
(2/3¢) [ 7 + (a + B8)/4 ]

@
it

&

@
4]

-

where r, ‘the distence from O %o A, B, or C, is 0.940 inch. The
device also provides a means of measuring the rises B,¢, ¢ (taken
positive when in the direction towards the gage) of three points D,
E, ¥, (fig. 2b), with respsct to the plane through the polnts A, B, C,
The average curvatures between points A, B, C are then
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3
1 8¢
RAB 3r2
1 . & ? (2)
Bpg  3r®
1 8

The corresponding extreme fiber bending straine in ths directiom
4B, BC, and CA, on a plate of thickness h are obtalned by multiplying
the curvatures by h/2: :

R 3
o - 128

3r?

: L
epg = % . (3)
eac = Lih—a

3r® N

The principel extreme fiber bending strains e,", e,” and the angle 6"
between the direction of e," end the direction of the line BC can be ~

computed as outlined in the appendix (fig. 3 indicates positive value
for 5") by computing the strain differences and the sums:

w o h
T1 = egp ~Oca
t2 = ega ~esp
t" =@ -
3 AB °BC
_ > ()

w _ 1
S =§.(eBC+eCA+6AB)

o [z 2 2
™ = Y2 A gp® s g
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and substituting these in

‘\\
e" = S" + T"
a
evl’ = sil - T" K (5)
—ad "
. w_ 3 t2
tan 26" = Eii:fgﬁ

-

The principal curvatures mav be ohtained by dividing the principal strajns

by h/2:
1 2 n 1
o= S el |
Y (6)
LR }
R h ¥

-

The directions of princilpal curvature coincide with the Airections of
principal strain given by &" in (5).
The extreme filber bending strains in the direction rg,, ¥y, ¥,

may be computed from the quantities defined in (4), as explainod in the
eppendlix, with the result:.

en __'-Sn ¥ (t-" - t")TI' 7
? o M tI% - gY t"
o g (M r 2 S
b = X

o S/ £I2 gl
it S" (tl - tE)T"

= 4=
2 )% — el _

The median fiber strains in the direction Tgs; YTy Tg 8re oblained by
gsubtracting (7) from (1)
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4 = - 11
e, a " %a

t 11
% =% ~% @)
e =9 -—-g"

c c c

The principal median fiber straine 61'1’ e‘;_ and the angle 6! between
the direction of e1"1 and of ey (fig. 3 indicates positive value for

6!) are computed finelly by repeating the procedure of equations (h)
end (5), thatis, computing firet

= at 1
t;‘_—ea.-eb w

td = ef —of

tl = el — o}

° ’ (9)
St =ll

-5(6;+e,é+ec')

' =x’,§ JEE 182+ 522

and substituting these values in

N
t .
eu—.S‘-!-T’
e_:r=S' — Pt ) L & (10)
/3
ton 28 = V3 02
1 - ) _

CONSTRUCTION OF THE DEVICE

The construction of the device is shown in the detall and assembly
drewings, figures 4 to 8, as well as in the photograph (fig. 1). The
device at B,figure 1, 'bhe adaptor for measuring the rise st the midpointe
of the lines connecting the points A, B, and C (fig. 2b). The rise is
measured as the change in angle be'bwee_n 8 lever and the plane esteblished by
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the points A, B, and C (fig. 2b). The angle is measured by & Tuckerman »
autocollimator as the sngle between the fixed mirror C and the lever -
mirror D (fig. 1). - T :

A satisfactory procedure for assembling part &, figure 1, for moas-
uring surface strains is described in reference 3. A sablsfactory pro-
cedure for assembling part B, figure 1, for measuring curvature l& as
follows. First assemble the optical portion of the rise measuring system.
The prism housing (7) (fig. 7) is mounted on its pivots with adjusting
nut (14)énd spring (18) as shown in figures 1 and 4. The housing is
rotated on its pivots until its top is parallel to the top of the body
(1). A& priem (20) is now mounted in the housing, using a suiteble
cemont, so that its diagonal face 1s parallel to the axls of rotation
of the housing and its upper face parallel to the top of the body (1).
A similar procedure is followed for mounting the priem (10) in the lever
subassembly (fig. 8). The prism housing (?% and the lever (5) is removed
from the body (1) and the body is attached to the base (10) by the screw
(17) end the dowels (11). The priem housing (7) and lever (5) 4is then
reassembled in the body (1) and ths spring bar (9) ls inserted. The
spring (19) is then installed between this bar and the spring pin (8)
on the lever and ls adjusted by stretchipg. When properly adjuated, «
the force required to move the foot of the lever into contact with basme _
(10), figure 5, should be between 0.002 and 0,005 pound.

CALIBRATION OF THE DEVICE

The calibration of the part for measuring surface stralns is 'given
in reference 3.

The part for msssuring curvaetwre was calibrated as follows, A
micrometer screw was so mounted that it could ralse or. lower the foot
of a lever by known amounts. Simulteneous readings were then itaken of
the chapge in angle of the lever, as measured by a Tuckerman autocolli-
mator, and the rise of the foot of the lever as measured by the microm--
eter screw. The callbration curve is shown in figure 9. It is evident
that &1l the levers have the seme celibratlon and that the rise of the
lever foot in inches is nearly equal to the change Iin angle of the lever
in radians. Consideration of the geometry of the lever and prism (fig.
9) shows that the relation between rise and change in angle A of the
lever from the plane determined by the points A, B, and C (fig. 2), is )

Rime = A -0.163 A% - {11) .

The observed values of rise in general differed from those computed by
substituting the measured change in angle into equation (11) by less
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than the observational error of 00,0002 inch of the micrometer screw. The
rise 1s given wilth an error of less than 1 percent by the linear relation

Rise = A (12)

for chenges A in angle from the horizontal of less then 0.06 radien.

The rises, ¢, @, B of the feet of the levers determined from the
messured changes in angle by equation (12) are substituted in equation
(3) with » = 0,940 %o give the extreme fiber bending strains e":

o" = 1.5h A (AZ 0.06) ' (13)

Substituting A = 0,06 1in thie equation and solving for h shows that
equation (13) holds within 1 percent, provided

h >11e" _ (1)

Equation (13) holds for strains up to 0.008 (equal to or greater than
the yield strain for most metals), provided the sheet thickness exceeds
0.09 inch,. ' ’ T

ACCURACY OF THE DEVICE

Reference 3 gives an estimate of the accuracy with which surface
stralins mey be measured with the device on a surface which remains
neerly flat during the test. An estimate of the accurscy with which
the device indicates extreme fiber bending strains was obtained by
comparing strains measured by the device with strains measured dirsctly
by Tuckermen strain gages.

Two specimens were used. The first was an 0,187- by 3— by 27—inch
strip of 245-T aluminum alloy, supported at the quarter points and
loaded at the ends. The wniformity of extreme fiber bending etrain
near ‘the middle of this strip was checked by Tuckerman straln gages.

The straln was found to vary less than 1 percent over the middle 5
inches of the strip. The longitudinal and trensverse extreme Ffiber
bending strain st the center of the strip was then msasured by Tuckerman
strain gages and by the curvature device in two different atiitudes with
the results shown in filgure 10. The extreme fiber bending strains as
measured by the device agreed with those measured by the Tuckerman gages
within 2 percent of the maximum strain of 0.0020.
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The second specimen wae an 0.126— by 7.2— by T7.2-4inch plate of
24S-T aluminum alloy supported at two dlagonslly opposite cormers end
loaded on the other two corners. (See fig. 11.) Ths loaded plate bent
to form a saddlelike surface. The extreme fiber bending strain near
the center was measured by pairs of Tuckermen gages and by the ocwrvature
device in two different attitudes. The results are shown in figure 11.
The extreme fiber bending stralins measured by the curvature device
agreed with those measured by the Tuckermien gages within 4 percent of
the maximum etrain, of 0.0008.

In both tests (figs. 10 and 11} it im obmerved that the specimen
became stiffer as the load increased. Thils increass in stlffnees was
ascribed to the increase in the effective moment of inertis as the
deflection of the plate became comparable wlth its thilckness.

CONCLUSIONS

The device described 1s satisfactory for measuring principal
extrems fiber bending strains over an equilateral triengle 1.63 inches
on & side with a systematic error not exceeding 2 percent and a mocen
observational error In strain on 0.l—inch shest of the order of
+*0,00003, with & maximum of the order of 00,0000k, The device incorporates
es an integrel part an adaptor previously described for measuring prin-
cipal surface sirains with a systematic error not exceeding ¥ perceut.
Equations are presented for computing medien fiber strains from the
measured bending and surface strains.

National Bureau of Standards,
Washington, D,.C., July 1%, 1945,
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APPENDIX

DETERMINATION OF MEDIAN.FIBER STRAINS
FROM EXTREME FIBER STRATIS AND CURVATURES

Conglder given the total extrems fiber strains

s = g9

[}
!

b ®z10 ? (a1)

8 ® %330

-~

vwhere the subscripts 90, 210, and 330 denote the angle in degrees re—
lative to a base line BC (fig. 3), and also, the extreme fiber bending
strains

R I h
4Lhs
®CA = 2F T %120 r (a2)
14 ll'h'e "

eAB=

— =8
3'r2 240
The median Fiber strains along lines Tos Tps T,y 8O

. Y

t =
®s0 T %0 ~ %0
t a2 - 1 A
10 P310— %210 f (a3)
] — — "
€220~ ®330” 330

-

1"

n 1"
where €5, .y €530

denote the extreme fiher bending strains along
these gage lines.
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The extreme fiber bending strains el,, e;1¢, @30 &re computed
from e3, e1p0; S4io DYy determining first the principal extreme fiber
bending strains e, ey and their direction 6" and then determining
©50r @r1or Oy Lrom ey, Oy, 6". In carrying out the computation it
is convenient to introduce,

£ = e" 1 h

1 =65 —9350

\i} L 11

t2 = 0,,05-9,40

no_ w o _n

bty =8, e} \ (Ak)
1

S" = - (e" + e 11" + & 1t
3 0 izo a40

™ = J 87 & tg‘ + t“"’ J

The prinoipal strains asre then from (equation (2) of refersnce 3)

SH + T" \L
f (a5)

S“ - Tll |

-

8u

Oy
end the principal dlrection 1s given by

'\/—3- (6120-62,"'; 4/3_,—‘1‘,5 (Aﬁ)

ta:n. 26“ = 114 1 " 1" 1
200 — @320~ Oga0 b1 — I3

Streins along the gage line ©6; are related to the princilpal styains
e;_, e" by (reference 4) -

egy = ey cos® (81 — 6") + el sin® (6, - 6") .

} (a7)

u v u v
= + cos 2 (6, — 8%)
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From (AS5)
e + 6;, = 8"
2
1t 1
&p — © - o
2

Expanding cos2(6; — 6"):

cos2(8; ~ 6") = cos29; cos26" + sin20; sin2e"

where
' B
coe28" = 1 '
J 1 + tan®o0" >
sin2o" = tan 2¢"
J 1+ tan®20" B

Inserting (A6) and noting from (AL) that

t1 + 5+ 85 = O
gives

cog2o™ b~ 63

V2 — e

sin2e" = _ /3 t2
V2 8 - ey

Inserting (A8), (A9), (A12), and (A13) in (A7) gives

T“
691" = S" +

Vot e

[(t;‘ = &%) cos20; +/3 Y sin20;
I

(a8)

(29)

(A10)

(a11)

(a12)

] (A14)
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(o}

Tetting ©6; = 90°, 210°, and 330° gives

6, 90° 210° 330°
cos26; -1 1/2 1/2 (a15)
1020, 0 J3/2 -J/3/2
3] " ™
-b -
1t 1t my
e90 = 8
o v 55 _ it 8 - tity
,bﬂ‘ + Qt"
6, " = 8" + L L (a16)
a 1 Q / .
68° - tiel
t" — 113 .
6330 Sll tE T“
2 i it )

Inserting (416) in (A3) gives the desired medlan fiber strains along

the lines T3 Tys Too
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rig.

Figure 1.- Complete edaptor.
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